In a Qualification Life Test (QLT) of the BPT-4000 Hall thruster that recently accumulated >10,000 h it was found that the erosion of the acceleration channel practically stopped after ~5,600 h. Numerical simulations of this thruster using a 2-D axisymmetric, magnetic field-aligned-mesh (MFAM) plasma solver reveal that the process that led to this significant reduction of the erosion was multifaceted. It is found that when the channel receded from its early-in-life geometry to its steady-state configuration several changes in the near-wall plasma and sheath were induced by the magnetic field that, collectively, constituted an effective shielding of the walls from any significant ion bombardment. Because all such changes in the behavior of the ionized gas near the eroding surfaces were caused by the topology of the magnetic field there, we term this process "magnetic shielding." Nomenclature A 0,1,2 = fitting coefficients for electron excitation energy loss B = magnetic induction field C 0,1,2,3 = fitting coefficients for the H&W sheath c 0,1,2,3 = fitting coefficients for f θ(K) E = electric field e= electron charge, 1.602×10 -19 C Ĩ i = inelastic ion drag force density I b = total ion beam current I i = ion species current f = neutral velocity distribution function f θ(K) = fitting functions for the angle (energy) dependence of the sputtering yield j e = electron current density j i = ion current density K T = fitting coefficient for f K K e0 /2=first Maxwellian cross-over Q e T = thermal heating of electrons q i = ion charge (eZ) p i(e) = ion (electron) pressure, Pa Greek Symbols α= spatially varying multiplier for ν α β = magnetic induction field unit vector ∆A, ∆V =computational area and volume increments ∆φ =sheath potential drop at channel walls ε = erosion rate ε 0 = permittivity in vacuum ζ es =ionization potential of species "s" η = total or effective electrical resistivity η b = current utilization efficiency η ei = electron-ion electrical resistivity η m = mass utilization efficiency θ = ion incidence angle n & = electron-impact ionization rate n = normal unit vector n i(e) = ion (electron) number density n β = number density ion species "β" r,z=radial, axial dimensions κ e = electron thermal conductivity Λ iβ = coulomb logarithm for i-β pair λ mfp = mean free path for (classical) collisions ν α = non-classical collision frequency ν B = Bohm collision frequency ν e = total collision frequency ν ei = electron-ion (coulomb) collision frequency ν en = electron-neutral collision frequency eñ ν = electron-neutral ionization collision frequency ν ew = electron-wall collision frequency ν iβ = coulomb collision frequency for i-β ion pair Φ s = electron energy loss from inelastic collisions with species "s" ϕ=non-dimensional excitation energy loss φ = plasma potential φ T = thermalized plasma potential χ= first conjugate harmonic function Ψ=Mach number function for i-β coulomb collisions ψ= second conjugate harmonic function ω ce = electron cyclotron frequency Ω e = electron Hall parameter
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I. Introduction
all thrusters provide an attractive combination of thrust and specific impulse for a variety of near-earth missions. In many cases these systems allow for significant reductions in propellant mass and overall system cost compared to conventional chemical propulsion. The range of thrust and specific impulse attainable by these thrusters makes them applicable also to a variety of NASA science missions. Science missions however, such as those considered by NASA's Discovery Program for example, require typically wider throttling and longer thruster throughput compared to near-earth applications.
1,2 A critical perceived risk about the application of Hall thrusters to science missions is their throughput capability. Specifically, there are two major wear processes known to exist in Hall thrusters that can limit their applicability to NASA missions, erosion of the acceleration channel and erosion of the hollow cathode.
Multiple approaches are currently being demonstrated that address this challenge. NASA's Science Mission Directorate In-Space Propulsion Technology Program has been supporting since mid-2000 the development of a low-cost, long-life, high voltage, Hall accelerator (HiVHAc) at the NASA John Glenn Research Center (GRC). To address the risk on throughput capability, this thruster incorporates an innovative discharge channel replacement technology as a means of extending its life. 3, 4 The first laboratory HiVHAc thruster built and tested, the NASA 77-M, 5 was designed and manufactured by Aerojet. In 2007, NASA GRC teamed with Aerojet to design and fabricate a flight-like HiVHAc engineering model thruster that incorporated the channel replacement life-extending innovation. In 2008 the NASA-103M.XL 6 had accumulated >4,700 h at 700 V in a wear test performed at NASA GRC. 7 More recently, Aerojet and Lockheed Martin Space Systems (LMMS) Company successfully extended the QLT of the qualification model 4.5-kW BPT-4000 beyond 10,400 h. 8 The BPT-4000 has fixed insulators and a magnetic design for high efficiency and long life. Post-test assessment of the data showed no measurable erosion of the acceleration channel walls from 5,600 h to 10,400 h indicating that the thruster reached a "zero" erosion configuration. This configuration will be referred to hereinafter as the "steady-state" configuration. The QLT results have, potentially, breakthrough implications for NASA. They imply that, if properly designed, the service life of Hall thrusters can be extended to (or exceed) that of ion thrusters thereby retiring the perceived risk associated with their throughput capability.
The detailed physics that led to this significant reduction of the erosion in the BPT-4000 was not identified upon the conclusion of the QLT. As part of their development of Hall thrusters, Aerojet created a semi-empirical 2-D erosion model and the company reports excellent agreement with measured erosion profiles. 8 While the 2-D erosion H model does not capture the detailed physics, the QLT showed that the Aerojet design 9 provided the basis for efficient operation and low steady-state erosion.
The QLT has significantly exceeded the requirements for most commercial or military missions. 10 Because many NASA missions require long operational times, high throughput, and a wide range of operating conditions, a rigorous understanding of the erosion physics must be attained. Such understanding is important because it must be demonstrated unambiguously that ground test observations were not "anomalous" and that thruster life projections based on empirical scalings and/or semi-empirical models alone will be valid (or not) for the wide throttling requirements of NASA science missions. Also, it would reduce any risk perceived by mission teams and would allow for probabilistic life analyses.
To meet this need the Jet Propulsion Laboratory (JPL) has been supporting an advanced modeling and simulation activity for Hall thrusters. The modeling activity at JPL complements a life modeling program on ion thrusters and hollow cathodes that has been ongoing for several years now at the Laboratory. Regarding the recent erosion trends in the BPT-4000, it was recognized early at JPL that to fully understand such physics one must account, at minimum, for the two-dimensional (2-D) distribution of the electric field near the eroding surfaces, the sheath physics there, and the local topology of the magnetic field. To accomplish this, it is required usually that the solution to an extensive system of governing laws for the Hall thruster plasma in two or three dimensions is obtained. Therefore, the activity employed initially "HPHall" (Hybrid-Particle-in-Cell Hall), a 2-D plasma solver for Hall thrusters that was developed originally by Fife and Martínez-Sánchez 11 and later upgraded to HPHall-2 by Parra and Ahedo. 12 Additional algorithm advancements including a new erosion sub-model were also completed at JPL. 13, 14, 15 The HPHall-2 simulations exposed a limitation of the code that prohibited its application to explain the erosion physics in the steady-state configuration of the BPT-4000. The limitation was due to a fundamental assumption that formed the basis for its development, the so-called quasi-one-dimensional (quasi-1D) approximation for electrons, 11 that does not permit the numerical simulation of the thruster plasma in the specific magnetic field topology exposed by the erosion of the BPT-4000 channel. The importance of understanding the erosion physics motivated the development of a new Hall thruster plasma solver at JPL, dubbed "Hall2De,"
16 that is not limited by the quasi-1D approximation.
Hall2De is a 2-D computational model of the partially-ionized gas in Hall thrusters that employs the full vector form of Ohm's law with no assumptions regarding the rate of electron transport in the parallel and perpendicular directions of the magnetic field. The model is a descendant of OrCa2D, a 2-D computational model of electric propulsion hollow cathodes that employs a mix of implicit and explicit algorithms to solve numerically the conservation laws for the partially-ionized gas in these devices. 17, 18 Excessive numerical diffusion due to the large disparity of the transport coefficients in the two directions is evaded in Hall2De by solving the equations in a computational mesh that is aligned with the magnetic field. To the best of our knowledge, Hall2De is the first computational model of Hall thrusters to employ MFAM, and is a capability that was largely motivated by the need to assess the life capability of Hall thrusters in complicated magnetic field topologies.
Hall2De has been used to simulate the BPT-4000 with the goal to identify the physics that led to the erosion trends observed during the Aerojet/LMMS QLT and our findings are presented in this paper. The paper is organized as follows. Section II provides an overview of Hall2De and describes recent physics upgrades that have been implemented in the code. A more detailed description of the code has been provided in Ref. 16 . Section III discusses comparisons between numerical simulation results and a variety of plasma and performance measurements obtained at JPL, in two different geometrical configurations of the acceleration channel. We shall be referring to these configurations hereinafter as the "1200-h" and "steady-state" channel geometries. The two geometries emulate closely the eroded channel walls after ~1200 h of operation and the "zero-erosion" configuration, respectively. We shall be referring also to the beginning-of-life (BOL) configuration, which for the purposes of this paper will represent the nominal geometrical design of this thruster at zero hours of operation. In Section IV we compare computed erosion rates between the 1200-h and steady-state geometries, explain the basic physics that produced them, and conclude with an assessment of our plasma model uncertainties on the computed erosion rates.
The Hall2De numerical simulations at JPL reveal that several changes were induced in the plasma as portions of the magnetic field, buried into the dielectric material in the BOL design of this thruster, became exposed to the plasma as the acceleration channel receded from its original geometry to its steady-state configuration. Collectively, the induced changes of the plasma properties constituted an effective shielding of the channel walls from ion bombardment. Because all such changes in the behavior of the plasma near the eroding surfaces have been found to be driven by the magnitude and topology of the magnetic field there, we call this wear-reducing mechanism "magnetic shielding."
II. The 2-D Axisymmetric MFAM Code "Hall2De"

A. General description of the code and motivation behind its development
Because the fundamental principle behind the acceleration of ions in Hall thrusters is based on operating the accelerator at high electron Hall parameter (Ω e >100), the diffusion of mass and heat for the electron flow in the direction parallel to the magnetic field is much greater (by ~Ω e 2 ) than that in the perpendicular direction for most of the channel region. This leads to the "equipotentialization" and "isothermalization" of the lines of force 19 : streamlines of the magnetic vector field are, approximately, also lines of constant "thermalized" potential φ T ≡φ-T e ln(n e ) and constant electron temperature. Numerically, this may allow for the solution of the plasma potential and electron temperature in a (quadrilateral) computational cell that is bounded by two adjacent lines of force rather than one with arbitrary dimensions. The so-called quasi-1D approximation formed the basis for the development of a number of 2-D computational models of Hall thrusters in existence today such as HPHall. HPHall uses a Particle-inCell (PIC) -Direct Simulation Monte Carlo method for ions in 2-D axisymmetric geometry, and was developed by Fife and Martínez-Sánchez in the late 90s. 11 Since then it has provided invaluable insight into Hall thruster physics at various institutions of academia, industry and government.
A desired computational capability for Hall thrusters at JPL is the assessment of erosion of the channel walls near regions of the thruster that may contain complex magnetic field topologies. For example, it is possible that excessive erosion of the acceleration channel may expose magnetic field arrangements in which a line of force begins and ends at the same surface rather than traversing the channel. In such regions the quasi-1D approximation cannot be used to simplify the numerical approach for the solution of the electron equations. A fully-2D electron solver is necessary in such cases. A main challenge however with such solvers is excessive numerical diffusion that is caused by the large disparity of the transport coefficients parallel and perpendicular to the magnetic field. This is evaded by discretizating and solving the equations on a computational mesh that is aligned with the magnetic field. MFAM is a long-standing computational approach for simulating highly anisotropic plasmas (e.g. see Refs. 20, 21, 22, 23, 24) and is the approach followed in Hall2De.
Hall2De has been under development at JPL since late 2009. 16 It is a physics-based computational model of the partially-ionized gas produced by Hall thrusters that employs the full vector form of Ohm's law with no assumptions regarding the rate of electron transport in the parallel and perpendicular directions of the magnetic field. The conservation equations, numerical methodology and preliminary simulation results have been presented in detail in Ref. 16 . Here we provide a brief overview of the code and describe physics and numerical upgrades that have been made to the code since our 2009 report. For convenience and clarity we shall refer to the version of Hall2De described in Ref. 16 as the "'09 version." at JPL and other institutions it may be most instructive to the community to outline the major distinctions between Hall2De and HPHall. There are four: 1) Discretization of all conservation laws on MFAM allowing for the assessment of erosion in regions with complex magnetic field topologies. The MFAM also allows for the self-consistent simulation of the plasma in the near-anode region; unlike HPHall, there is no magnetic field streamline in this region of Hall2De upstream of which the conservation laws for the plasma are not solved self-consistently. 2) Numerical solution of the complete vector form of Ohm's law, accounting for electron transport parallel and perpendicular to the magnetic field.
3) Numerical solution of the heavy-species conservation equations that are not based on discrete-particle methods (eliminating the inherent statistical fluctuations associated with such methods) (a) ions are treated as an isothermal, cold (relative to the electrons) fluid accounting for the drag force and ion-pressure gradient, (b) atomic species (neutrals) are treated as part of a collisionless gas and their evolution in the computational domain is computed using line-of-sight formulations that accounts for ionization. 4) Large computational domain that extends several times the thruster channel length in the axial direction, and encompasses the cathode boundary and the axis of symmetry.
The larger physical domain allows us to incorporate the hollow cathode boundary self-consistently. Also, although beyond the scope of this paper, the larger physical domain will allow us in the future to follow the electron flow from the cathode to the channel avoiding the modification of the transport coefficients and Hall parameter that is commonly imposed in regions of the far plume. A schematic of the Hall2De physical domain with naming conventions for the various boundaries are provided in Figure 1 . The typical extent of the computational region in an HPHall simulation is also shown for comparison.
B. Physics, numerical approach and recent augmentations in Hall2De
1) Ions The evolution of ions in Hall2De is computed using a hydrodynamic approach based on the assumption that the ion gas constitutes an isothermal, cold (relative to the electrons) fluid. The justification and empirical support 25 for the ion-fluid approximation has been discussed in Ref. 16 The reaction that yields triply-charged ions from an electron collision with a singly-charged ion was recently included in the '09 version of the code, and is based on cross-sectional data provided in Ref. 26 . The momentum equation (Eq. (II-2)) includes the drag force on ions, imposed on them due to their elastic and inelastic collisions with other heavy species that may be present in the simulation domain, and the ion pressure-gradient force:
where R i and Ĩ i represent the elastic and inelastic contributions to the transport of ion momentum, respectively. For R i , the '09 version of the code accounted only for the drag due to collisions with neutrals. The code has been updated to include contributions from coulomb collisions of ions of different charge states Z:
where,
The ion conservation laws are closed with conditions specified at all boundaries in Figure 1 . At the anode and dielectric-wall boundaries the Bohm condition is prescribed for the speed with which the ions exit the physical domain (i.e. at entry to the sheath). At the plume boundaries the ions are allowed to flow out of the system freely (gradients of the two velocity components are set to zero). Reflection boundary conditions are set at the axis of symmetry.
Hall2De solves numerically the non-conservative form of the ion momentum equation using a first-order upwind scheme for the velocity field. The equation is marched forward in time explicitly. The velocities are defined at the vertices of each quadrilateral computational cell. Bilinear interpolation is used to define forces at vertices from their primitive values at the cell edges and to define scalar quantities at vertices from their primitive values at the cell centers.
1) Electrons
The electron population in Hall2De is treated as a fluid. The electron momentum equation in the absence of the viscous terms is given in vector form by ( ) e e e e e e e p en Dt
where the friction force R e /n e for electrons is related to the integral of the collision term in the electron distribution function and the electron momentum. In the absence of high-frequency electron dynamics the electron inertia may be neglected. Then one obtains the vector form of Ohm's law as follows: expressed here in the frame of reference of the magnetic field (with "||" and "⊥" denoting parallel and perpendicular components respectively). Equations (II-6) imply the approximation u e >>u i (in addition to u e >>u n ) and thus R e ≈-n e m e ν e u e with the total collision frequency "ν e " including the contributions from collisions of electrons with all other species. It has also been suggested that the diffusion of electrons in Hall thrusters is enhanced in a non-classical manner, e.g. by plasma turbulence. Many attempts to capture this enhancement in numerical simulations with HPHall and similar codes have been made through the use of an effective collision frequency, which we term here "ν α ". Fife and Martínez-Sánchez proposed originally 11 that ν α in Hall thrusters may be based on Bohm's 1/B scaling for the crossfield mobility, 27 and used a coefficient α to enhance the total collision frequency for the electrons while retaining the proportionality of ν α with ω ce . In this paper we have imposed the generalized function
allowing α to vary spatially everywhere in the simulation region. As we shall show later in the paper numerical simulations with Hall2De that were guided largely by plasma data suggest large deviations of α from a constant value and therefore little to no correlation of ν α with ω ce . Thus, in this paper we refrain from any suggestions that "Bohm physics" persist anywhere in the channel or in the plume region of the thruster until strong evidence to the contrary emerges. During their azimuthal drift electrons collide with walls also and this was proposed (originally by Morozov 19 ) to be one more process that affects the transport of electrons in the acceleration channel. In numerical simulations of Hall thrusters this additional transport mechanism has been accounted for through the addition of another effective collision frequency, ν ew . Because Ohm's law in computational models that make use of the quasi-1D assumption (like HPHall) is solved between adjacent field lines, an average value is used commonly in these models. That is, the two streamlines and the two boundaries at the inner and outer walls of the acceleration channel that bound a single computational cell for the determination of the current density across magnetic field lines, also define the volume and surface areas of that element. These are then used to determine the average wall collision frequency in the acceleration channel.
11 Hall2De is not limited by the quasi-1D approximation and the collision of the electrons with the walls is accounted for at the collision site, i.e. the walls. Specifically, the wall collision frequency is non-zero only at the computational cells that share at least one edge with the dielectric walls of the Hall thruster, that is:
(II-8)
In Eq. (II-8) ∆A is the surface area of revolution associated with the boundary edge of the computational cell and ∆V is the volume of the computational cell. The secondary electron yield is denoted by S e . In Section III-A we provide comparisons of the collision frequencies at the channel centerline and along the wall boundaries. Accounting then for all transport mechanisms the electrical resistivity and the Hall parameter are determined as follows: where the total electron collision frequency ν e is defined as
(II-10)
The first two terms on the right of Eq. (II-10) are the classical (total) electron-ion and electron-neutral collision frequencies. The electron energy conservation law is solved for the electron temperature (expressed in eV) and is given by 
(II-11) The last term on the right represents the energy exchange per unit time between electrons and the heavy species 28 due to deviations from thermal equilibrium, and is proportional to n e (m e /m)ν ei (T e -T i ) for ions and n e (m e /m)ν en (T e -T n ) for neutrals. In Hall thrusters it is usually a small contribution to the total electron energy. Inelastic energy losses are accounted for by the following terms: and a=<σv e > for the impact ionization between electrons and species "s". Electron excitation losses are included in the first term of Eq. (II-12). Presently, these losses account only for ground-state transitions. The excitation loss rate is a term that has been added in the present version of Hall2De and is based on a fit to a solution derived by Dugan, et al. 29 with coefficients A 0 =0.6, A 1 =0.304 and A 2 =1 (see also Ref. 11 for the fitting function). Another addition that has been made in the present version of the code is related to the anode BC for the convective heat flux, j e T e . The '09 version incorporated Dirichlet BCs for the temperature at the anode boundary. The present version employs sheath BCs assuming an electron-repelling sheath at the electrode. Such BCs have been described numerous times elsewhere (e.g. see Ref. 30) . The revised BCs no longer depend on a specification of the plasma temperature at the anode boundary, which in previous simulations with Hall2De practically determined the solution of T e in this (near-anode) region. Figure 2 compares the solution before (left) and after (right) the implementation of excitation energy losses and sheath BCs in the BPT-4000 acceleration channel.
The equations for the electrons are closed with BCs at all surfaces in Figure 2 . For all dielectric-wall boundaries a zero-current condition is imposed, j e⊥ +j i⊥ =0. At the anode a Dirichlet condition specifies directly the voltage at its discharge value. For the simulation cases that are presented in this paper this value is 300 V. A Dirichlet condition is also imposed at the cathode with a value of 10 V. For the electron energy BCs the convective heat loss follows the formulations of Hobbs and Wesson 31 for the potential drop in a sheath with secondary electron emission. The secondary electron yield S e must be provided for the specific material that is being simulated. The energy equation is solved in a semi-implicit fashion; the thermal conduction term is implicit whereas all other terms are evaluated at the previous time-step.
The numerical approach followed in Hall2De for the transport of electrons is to solve the electron equations in the frame of reference of the magnetic field, in two dimensions. Specifically, the plasma potential is solved by combining the equation for current conservation and Ohm's law into one equation and discretizing on a computational mesh that is aligned with the magnetic field lines. Numerical diffusion is reduced by assuming that cell edges are exactly either parallel or perpendicular to the magnetic field lines (Figure 3 middle) . The accuracy of the solution is then dependent upon the extent of the spatial deviations of the mesh from the true lines of constant potential and stream functions χ and ψ. Here, χ and ψ are the commonly-used set of conjugate harmonic functions satisfying the Cauchy-Riemann conditions for the radial and axial components of the magnetic field. A set of such lines in the vicinity of the acceleration channel of a 6-kW laboratory Hall thruster are shown in Figure 3 
2) Neutrals The neutral gas in most Hall thrusters is in the free-molecule regime. A new algorithm that is not based on discrete-particle statistics was developed for Hall2De to determine the density of neutrals. 32, 33 The algorithm takes advantage of the fact that almost all neutral particles in this rarefied medium proceed along straight-line, constantvelocity trajectories until they are either ionized, strike a wall, or leave the physical domain. The algorithm assumes that the particle velocity distribution function for neutrals emitted from a given surface remains unchanged except for a scale factor that reflects the loss of neutrals to ionization. Then we solve for the neutral gas density by integrating forward in time the linear Boltzmann equation in the absence of any forces on the particles:
(II-14)
The sources of neutrals are gas inlets and isotropic, thermally-accommodated gas molecules emanating from chamber surfaces including recombined ions. Compared with the PIC method, commonly used in many plasma simulation codes like HPHall, this algorithm achieves "quiet" and smooth solutions as shown by the comparisons in Figure 4 . The figure compares the neutral gas density in a 6-kW laboratory Hall thruster. It is noted that the HPHall solution shown in Figure 4 is averaged over thousands of cycles whereas the solution from the Hall2De algorithm is instantaneous. 
III. Comparisons of Numerical Simulation Results and Measurements
In 2009 the BPT-4000 was operated in a large vacuum facility at JPL to evaluate the thruster's performance at operating conditions of interest to NASA science missions and to provide in situ plasma measurements for the validation of Hall2De. In this section we present comparisons between simulation results produced by the most recent version of Hall2De and plasma measurements at various locations in the plume of the thruster. The plasma diagnostics and a more detailed description of the measurements are provided in Ref. 34 . In Section III-A we describe the channel geometries simulated, and present our comparisons for the electron temperature and plasma potential along various axial and radial slices in the thruster plume. We also present comparisons with the measured performance. Section III-A concludes with a presentation of selected 2-D results and explanations of the significance of the computed trends near the walls. In Section III-B we discuss the comparisons between theory and experiment in greater detail and identify areas in our theoretical efforts that will be the focus of future investigations.
A. Comparisons in the 1200-h and steady-state channel geometries of the BPT-4000
We have employed Hall2De to simulate the plasma and erosion in the BPT-4000 with the goal of understanding the mechanism(s) that led to the reduced wear rate during the Aerojet/LMMS QLT. Our approach has been to simulate two different channel geometries, one emulating operation early in the life of the thruster and one late in life, and then compare the erosion rates. Throughout this and subsequent sections we shall be referring to three different configurations of the BPT-4000 acceleration channel that we have constructed for our numerical simulations: (1) beginning-of-life (BOL) geometry, (2) 1200-h geometry and (3) 
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0.E+00 geometry resembles closely the shape of the channel walls after 1200 h of operation of the thruster in the Aerojet/LMMS QLT. 8 The steady-state geometry emulates closely the shape of the channel after 5,600 h; beyond this time recession of the walls by erosion had practically ceased. The three different channel geometries and reference scale lengths are shown in Figure 5 .
Despite more than two decades and numerous investigations in the United States and other western countries, the true physics of the diffusion of electron heat and particle flux across magnetic field lines in conventional Hall thrusters remain elusive. Because the solution to this long-standing problem is beyond the scope of this effort our approach here has been to seek spatial variation(s) of the non-classical collision frequency ν α (r,z) and Hall parameter Ω e (r,z) based on the plasma measurements. Our approach is similar to that followed by Hagelaar, et al. 35, 36 This approach allows us, first, to obtain a solution for the plasma properties in the acceleration channel that we may then use to determine erosion of the acceleration channel and, second, to identify regions where the largest deviations from classical transport occur. The significance of the latter is that the results promise to guide further investigations of electron transport physics and subsequent improvements of Hall2De's physics models. Figure 5 . Schematic of the BPT-4000 acceleration channel showing the 1200-h and steady-state geometries as used in the Hall2De numerical simulations. Also shown for reference is the BOL geometry. The simulations used a mesh that was aligned with the magnetic field in BPT-4000.
We present below four simulation cases, three for the 1200-h geometry and one for the steady-state geometry. Each case is associated with different functions ν α (r,z) and Ω e (r,z). Both functions for the three cases in the 1200-h geometry are plotted in Figure 6 along the channel centerline. Also plotted in Figure 6 left and in Figure 7 are the remaining collision frequencies comprising ν e (see Eq. (II-10)). We note in Figure 7 that near the dielectric, electron collisions with walls can dominate the total collision frequency for a large extent of the channel. The large drop of ν ew beyond z/L for the inner channel wall compared to the outer wall seen in Figure 7 is associated with the larger values of the magnetic field near the inner surface, which in turn yield larger ν α . These larger values are more clearly depicted in the 2-D contour plots of Figure 8 comparing ν α (left) and ν e (right) for case 1.
Also, we point out that for all simulation cases with different profiles of ν α , Ω e (r,z) was determined selfconsistently as the ratio e|B|/m e ν e inside the channel but it was assigned profiles that deviated from e|B|/m e ν e in the plume region of the thruster. With the present physics of Hall2De this assignment was found necessary to produce the best possible agreement with both the measured plasma properties and thruster performance. In the 1200-h cases, Ω e (r,z) was in essence relaxed to zero beyond specific magnetic field streamlines in the near-plume, analogously to the approach followed in other Hall thruster simulation codes. For example, in HPHall the Hall parameter is set equal to zero beyond the magnetic field streamline that is connected to the cathode, 11 which also serves as the Because the computational domain of Hall2De extends several times the channel size downstream of the thruster exit we were in a position to quantify the imposed deviation of Ω e from its self-consistent value. This is shown for case 1 in Figure 6 (right) by the two black lines. We find for this case that a deviation of several orders of magnitude in the far plume was required. The other two cases were found to exhibit deviations of similar order of magnitude. Therefore, the far plume remains a region of elusive physics that are currently not captured by either Hall2De or other SOA simulation codes like HPHall. In light of Hall2De's extended plume region however, and since more than one profiles of ν α and Ω e (r,z) have been found to produce results that are within or close to the experimental uncertainty of the plasma measurements and the observed thrust, discharge current and voltage, we sought profiles that did not relax Ω e (r,z) completely in the plume region. We describe one such case later in this section as it was part of the steady-state channel geometry simulations. Also, we discuss the overall implications of all the imposed profiles in greater detail in Section III-B. Figure 6 . Numerical simulation results along the channel centerline of the 1200-h geometry (cases 1-3 of the simulations). Each case corresponds to different profiles of ν α and Ω e as imposed in the simulations. Left: relevant frequencies. Right: Hall parameter Ω e . All cases in this 1200-h geometry impose a cutoff of Ω e in the plume region beyond a specified location downstream of the channel exit. "Case 1 (e|B|/m e ν e )" plots Ω e that corresponds to the case-1 profile of ν α without a cutoff, showing the location of the magnetic field streamline along the channel centerline where the cutoff is imposed. Figure 7 . Contributions of electron collisions with the channel walls to the total collision frequency ν e . The collision frequency ν ew (see Eq. (II-8)) is implemented in Hall2De at the computational cells adjacent to the dielectric wall boundaries, as indicated in the schematic to the left. This allows us to account for the "near-wall" conductivity in this thruster. The right plot shows the ratio of ν ew over the total collision frequency ν e (see Eq. (II-10)), which includes ν α , along the outer and inner boundaries inside the acceleration channel.
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The simulation solutions of the electron temperature and plasma potential for all three cases along the channel centerline in the 1200-h geometry are compared with the plasma measurements in Figure 9 . Despite the significant differences between the imposed frequency ν α , all three cases are found to yield results that are within or close to the experimental uncertainty of the plasma measurements. Regarding thruster performance and related integrated parameters the 1200-h simulation results from all three cases are also within 3% of the measured thrust (see Table  1 ). The most noticeable discrepancies are associated with the thruster currents. Specifically, we find a consistent over prediction of the doubly-charged ion current fraction and an under prediction of the singly-charged fraction. These and other discrepancies between theory and experiment are discussed further in Section III-B. The beam current, mass utilization and current utilization efficiencies in Table 1 Radial comparisons between the computed results and plasma measurements have also been performed. They are shown in Figure 10 for three axial locations in the 1200-h geometry. The top-left figure shows contour plots of the plasma potential for case 1; the three radial slices along which the comparisons are made are also plotted as dashed lines. The top-right figure is the comparison closest to the acceleration channel, z/L=1.113, followed by z/L=2.088 (bottom-left) and z/L=4.715 (bottom-right). The simulation predicts well the plasma potential within approximately a channel height in front of the acceleration channel but the agreement is found to diminish at greater angles relative to the thrust vector. This discrepancy is discussed further in Section III-B. Similar comparisons between theory and experiment are presented below for the steady-state channel geometry. Figure 11 left plots the relevant collision frequencies along the channel centerline including the imposed profile for ν α ; we shall refer to this simulation as "case 4." By utilizing the extended computational region of Hall2De we attempted in this simulation geometry to find profiles of the collision frequency ν α and Ω e that produced closely the plasma and performance measurements while relaxing the stringent cutoff of Ω e imposed beyond a given magnetic field streamline in the 1200-h cases. The imposed profile for Ω e that best reproduces the experimental observations is plotted in Figure 11 right as the solid line, and is compared on the same plot with the self-consistent profile (dashdotted line). We find that this double-humped distribution resembles qualitatively the self-consistent value of Ω e while reducing significantly the discrepancy between them in the plume region compared to the 1200-h cases. The axial comparisons between theory and experiment that result from these imposed profiles are depicted in Figure 12 . The radial comparisons at two different axial locations downstream of the channel exit, z/L=1.188 and 1.525, are plotted in Figure 13 . The comparison in Figure 13 left is of particular interest since both theory and experiment display a non-monotonic profile of the electron temperature with radius. The significance of this trend is that such non-monotonicity is expected at this proximity to the channel exit due to the magnetic field topology in the region and the isothermalization of the field lines. It is also observed that the numerical simulation predicts a profile that is very similar, both qualitatively and quantitatively, to the measurement but at a different location relative to the channel. The spatial discrepancy is of the order of a few millimeters and may be caused by differences between the magnetic field model used in the simulations and the real field applied in the thruster. Also, cumulatively, probethruster misalignments are estimated to be of the order of 1-2 mm. Contour plots in the two geometries are shown in Figure 14 . The effect of the equipotentialization of the lines of force 19 is shown clearly in Figure 14 top. The plot compares computed plasma potential contours in the 1200-h and steady-state geometries. For example, we find only a 30-V reduction (275 to 245 V) along the outer diverging wall of the steady-state configuration compared to significant drop of 286 V in the 1200-h geometry. Thus, acceleration of ions along the diverging wall in the 1200-h is considerably higher compared to the steady-state geometry. This higher acceleration, in turn, increases the ion kinetic energy into the sheath.
The same principle that leads to the equipotentialization of the lines of force is responsible also for their "isothermalization." Then, since lines of force are nearly isothermal in the acceleration channel, the line that grazes the diverging wall and proceeds almost parallel to it is associated also with a low value of the electron temperature since such line extends deep into the acceleration channel where the electrons are considerably cooler (see also left of Figure 9 and Figure 12 ). For the BPT-4000 channel this is shown in Figure 14 middle comparing contours of the electron temperature in the 1200-h and steady-state geometries. The comparison shows a reduction in the maximum temperature, as much as seven times along the diverging walls. Because the electron temperature was reduced significantly along the diverging walls in the steady-state geometry we also obtained a reduction in the sheath drop across these surfaces.
A third effect seen in the steady-state geometry is largely linked to the plasma potential profile. Specifically, because the component of the electric field parallel to the diverging section of the dielectric is marginalized in the steady-state geometry, the acceleration of ions is largely axial and away from the diverging wall. This is shown by the representative velocity streamlines of singly-charged ions overlaid on the electron number density contours in Figure 14 bottom. Thus, the radial expansion of the plasma beyond the cylindrical section of the accelerator is reduced compared to that in the 1200-h geometry, and the region near the diverging wall of the steady-state geometry is populated by a much lower number of charged particles. The electron number density in the two geometries in Figure 14 bottom shows more than one order of magnitude less density in the steady-state geometry. The significance of this reduction on erosion is that the total flux to the wall is also reduced. The wide range of comparisons between thruster measurements and numerical simulations that have been performed here establish the state of the validation of Hall2De and identify clearly areas in Hall2De's physics models that require further improvement. The most evident need for better understanding is associated with the fact that a different profile of the collision frequency ν α must be prescribed in different channel geometries and/or operating conditions, which implies that Hall2De is not yet a fully-predictive code for Hall thrusters. This has been a long-standing challenge in the numerical simulation of Hall thrusters that is more than two decades old. However, Hall2De is now at a state of development that allows us to address this challenge directly. The extended computational region and the MFAM are capabilities that were specifically developed to allow us, in part, to interrogate mechanisms pertinent to electrons transport (such as large-scale electron current paths to the acceleration channel) that cannot be captured by other SOA simulation codes.
As a precursor to a more detailed interrogation on this subject we performed a series of sensitivity simulations with different profiles of the collision frequency ν α to identify region(s) that deviate most significantly from classical transport. The intent was to seek functional dependencies of this "non-classical" frequency here, as guided by the measurements, which could lead us to first-principles formulations of the true transport physics. Our sensitivity simulations with different profiles in the 1200-h geometry show that different functional forms of ν α can produce similar solutions for the plasma and thruster performance. This presents a challenge in our quest of the true electron transport physics because different spatial variations of ν α , all yielding results that are either within or close to the experimental uncertainty with the plume plasma measurements, thrust and discharge characteristics of the thruster, make correlations with true frequencies ambiguous. For example, by comparison to the electron cyclotron frequency or the Bohm (ν B =ω ce /16) collision frequency (also plotted in Figure 6 and Figure 11 ), we find no functional similarities with the imposed ν α that span both the acceleration channel and the near plume. Noted is the comparison of the frequencies inside the channel: although ν α for case 3 is directly proportional to ω ce (∝B), cases 1 and 2 fall faster with decreasing magnetic field inside the channel. Outside the channel we find ν α to differ significantly from ν B in peak magnitude and spatial variation, in both the 1200-h and steady-state channel geometries. Thus, although electron collisions other than those associated with classical particle interactions -such as collisions with the thruster walls -may indeed lead to distinctive transport trends inside and outside the acceleration channel, we find no correlations between ν α and ν B , and are unable to identify distinct regions of this problem that can be linked unambiguously with different fractions of ν B . Therefore, we refrain from making any suggestions of the existence of Bohm physics as this would imply specific dependencies of transport physics on the magnetic field.
The results from our sensitivity simulations on the modification of the Hall parameter (see left of Figure 6 and Figure 11 ) in the plume regions suggest that processes here cannot be uncoupled from the numerical simulations of the acceleration channel; but such processes remain not well understood. The coupling of the physics in the acceleration channel and plume regions was a conclusion of our previous work (see Ref. 16 ) and remains unchanged based on the results of this effort. The radial comparisons between theory and experiment in the 1200-h geometry (see Figure 10 ) identify clearly regions where the behavior of the plasma remains elusive. Specifically, referring to Figure 15 , we find that although the imposed profiles of ν α and Ω e lead to good agreement with the plasma potential measurement near the channel centerline, the agreement begins to diminish away from it in the radial direction. In these high-angle regions of the thruster plume the simulation results simply reflect the expected variation of the plasma potential there as the lowdensity ion beam converges onto the thruster centerline. The radial gradient of the plasma potential computed by Hall2De and depicted in Figure 10 is, therefore, not surprising. However, the measurement (also shown in Figure 10 ) suggests a different trend with radius. This trend is most evident in the z/L=1.113 and 2.088 locations and 0<r/R<0.75, i.e. in the inner regions of the plume closest to the thruster walls. Of particular interest is the negligible radial electric field measured at the thruster centerline, which implies the presence of low-energy plasma. This plasma is not captured by the simulation. Using the measured values of the plasma potential and electron temperature 34 for z/L=1.113, and the computed Figure 15 . Schematic for the estimation of the plasma density near the thruster centerline based on measurements of the plasma potential and simulation results at the channel centerline. Figure 15 , since the plasma potential along field lines is approximately φ≈φ 0 +T e ℓn(n e /n e0 ), we can identify a magnetic field streamline that contains this point and also crosses the channel centerline. At the channel-centerline point we use the computed values for the plasma potential, electron number density and temperature, φ 0 , n e0 and T e respectively, to estimate n e as follows:
This value is approximately two orders of magnitude higher than ~5.2×10 14 m -3 as computed by Hall2De at this location. Low-energy charge-exchange ions are a possible source for this discrepancy. Presently, such ions are not treated as a distinct species in Hall2De and as a result their concentration may be underestimated significantly in these regions of the thruster. Emission from the walls that are not presently captured by the classical wall models in Hall2De, and/or enhanced ionization not accounted for by the inelastic models in Hall2De are other candidates that may be responsible for the discrepancy. The nature of the emission characteristics and related sheath physics has been a subject of investigation for several years [e.g. see Refs. 37, 38, 39, 40 and 41] and is an area we plan to revisit in the near future since such physics may affect our simulation results in the plume regions of the thrusters but also the transport of electrons inside the acceleration channel. For example, enhanced emission of low-energy electrons from walls may alter significantly the sheath and, in turn, the electron energy balance inside the channel. With the present physics models in Hall2De the code appears to yield higher electron temperature inside the BPT-4000 channel than the values expected based, for example, on the ion current fractions (see Table 1 ). The current fractions are currently over predicted by Hall2De for doubly-charged ions and under predicted for singly-charged ions.
The one-on-one comparisons with the BPT-4000 measurements at JPL have identified areas of improvement in the Hall2De physics simulation capabilities but have also allowed us to obtain plasma solutions for the two channel geometries that now permit detailed assessments of the erosion rates in this thruster. For example, in the channel and near field plume, we have found values of an effective collision frequency such that, using the self-consistent value of the Hall parameter, Hall2De model results are comparable to the measurements. However, for all cases (Figures 7  and 11 ) it was necessary to reduce significantly or eliminate entirely the Hall parameter in the far plume in order to keep calculated potentials and electron temperatures as low in the far plume (z/L >3) as the measurements. In the far plume, the electron flow neutralizes the ion beam current. As discussed in Katz, et al., 42 most of the electrons that leave the hollow cathode proceed to neutralize the ion beam current and only a small fraction of them enter the channel. Presently, the Hall2De far plume BCs impose current neutrality. This local BC requires electrons leave the computational region at the same location as the ions. Since the ions are not magnetized many electrons are forced across field lines to neutralize the beam. This current generates a substantial electric field because it is multiplied by the Hall parameter squared. One possibility is that the path for these electrons extends far outside the Hall2De computational grid and beam current neutralization occurs meters downstream of the thruster exit plane. If so, regions in the Hall2De plume that predict presently finite electron current density could sustain negligible flow of electrons, which would marginalize the contributions of the resistive electric field in these regions. Current neutralization far down stream of the channel exit is consistent with published data showing that hollow cathode coupling improved when the cathode was far from the thruster. 43 We plan to investigate this in the future by using a much larger computational region and a self-consistent Hall parameter.
IV. Erosion Calculations and the Basic Physics of the Plasma at the Channel Walls
A. Background and coefficients for the erosion rates
The sputtering erosion rate due to ion bombardment is given by,
where the incident ion current density perpendicular to the channel wall j i⊥ is dependent on the ion number density and the ion velocity at the wall. The sputtering yield of the channel material Y is a function of the ion impact energy and incidence angle. Because ions must traverse a sheath at the wall before striking it, the total impact energy is the sum of the kinetic energy K i =½m i u i 2 the ions have acquired in the plasma upon entrance to the sheath and the sheath potential energy ∆φ. These dependencies may be expressed as
The potential energy ∆φ, transformed to ion kinetic energy as the plasma ions are accelerated inside the sheath towards the solid material, is computed based on the solution to the one-dimensional sheath equations in the presence of secondary electron emission. Hobbs and Wesson 31 showed that the sheath equations for this problem consist of a system of three non-linear equations for the electric field, sheath potential and ion Mach number. For ease of computation in the numerical simulations we employ a fit 44 to the Hobbs and Wesson solution as follows: where S e0 =0.54 and the Maxwellian cross-over is K e0 /2=20 V. In the simulation we use the vertex-centered ion velocities and the cell-centered ion density at each computational cell adjacent to the wall boundary to determine the total impact energy K=K i +∆φ and incidence angle θ. Then the sputtering yield is determined using the fitting functions f K (K i +∆φ) 45 for the energy dependence at zero angle of incidence and f θ (θ) 46 for the angle dependence, as follows:
(IV-5)
The fitting functions f K and f θ are plotted in Figure 16 . The erosion rates have been computed at three different locations along the diverging section of the BPT-4000 channel in the 1200-h and steady-state geometries. The relevant schematic is shown in Figure 17 . The three locations are denoted "U", "M" and "D" for upstream, middle and downstream points, respectively. The rates and all relevant parameters that led to their determination are tabulated in Tables 2 and 3 . Figure 17 . Locations along the diverging dielectric walls of the BPT-4000 where erosion rates have been assessed and tabulated by the numerical simulations (see Tables 2 and 3 ). *This erosion rate is an overestimate of the real value in the BPT-4000 QLT because the numerical simulation geometry employs a sharp corner at this location whereas in the real geometry this corner was smoothed out by the erosion. The significance of this difference is that in the simulation the corner "interrupts" magnetic field streamlines leading to potential differences around the corner that allow ions to acquire kinetic energy. By contrast, the curvature of the eroded corner in the test follows closely the curvature of the streamline around that corner; the equipotentialization of the streamline reduces the acceleration of the ions around the corner and, in turn, the kinetic energy with which they impact the surface of the thruster. * This erosion rate is an overestimate of the real value in the BPT-4000 QLT because the numerical simulation geometry employs a sharp corner at this location whereas in the real geometry this corner was smoothed out by the erosion. The significance of this difference is that in the simulation the corner "interrupts" magnetic field streamlines leading to potential differences around the corner that allow ions to acquire kinetic energy. By contrast, the curvature of the eroded corner in the test follows closely the curvature of the streamline around that corner; the equipotentialization of the streamline reduces the acceleration of the ions around the corner and, in turn, the kinetic energy with which they impact the surface of the thruster.
B. The basic physics of the erosion trends
Section IV-A quantified the erosion rates in the diverging section of the BPT-4000 acceleration channel and showed a significant reduction of the erosion in the steady-state geometry compared to the 1200-h geometry. In this section we discuss the basic physics the led to this reduction. We found that the process that led to the reduced erosion rates was in fact multifaceted. That is, several changes occurred in the plasma and magnetic field as the channel receded from its BOL geometry to its steady-state configuration that, when acting collectively, led to an effective shielding of the channel walls from ion bombardment. The changes in the plasma occurred as a consequence of the first-principles operational feature in these thrusters: the equipotentialization and isothermalization of the lines of force. 19 The numerical simulations have shown that, with the exception of θ whose impact was not found to be as critical, the remaining plasma properties pertinent to erosion were altered in the steady-state geometry in a manner that led to significant reductions of the erosion rate. Specifically, we found that the particular topology and magnitude of the magnetic field near the diverging walls ‡ ‡ of this thruster in its steady-state configuration had the following consequences: 1) reduction of the accelerating electric field parallel to the wall, prohibiting ions from acquiring significant impact kinetic energy before entering the sheath, 2) reduction of the potential fall in the sheath along the wall, further diminishing the total impact energy that ions could gain before striking the material and, 3) reduction of the ion number density decreasing the flux of ions to the wall. ‡ ‡ The magnetic field cannot be shown due to proprietary restrictions.
In support of these conclusions the reader is also referred to the contoured plots in Figure 14 . The computed reductions for all ion species are provided in Tables 2 and 3 . We also plot some of the tabulated results in Figure 18 . We found the largest effects on the erosion to have been due to the lower total energy and flux of ions striking the wall. Regarding the effects of the incidence angle, we found them not to affect the erosion rate comparisons as significantly as the ion flux and impact energy. The bar plots for the incidence angle and erosion rates at the outer wall are provided in Figure 18 bottom-middle and bottom-right, respectively.
Regarding the effects of uncertainties in the plasma solution (as discussed in Section III-B), we note that the overall trend of the plasma potential inside the acceleration channel cannot be significantly different from the computed profile; Hall thrusters like the BPT-4000 all operate with the highest potential regions near the anode and the lowest potential regions in the exhaust. In the steady-state channel geometry of the BPT-4000, because the magnetic field streamline that "grazes" the diverging wall extends deep into the channel, it will be a line that is conclusively associated with high potentials. It is therefore marginally subject to the uncertainties of the plasma model. Because the fundamental principle that leads to the equipotentialization of the lines leads also to their isothermalization the arguments made about the plasma potential profile near the diverging section apply also to the electron temperature. Finally, it should be noted that the plasma density is likely much higher in the high-divergence regions of the channel and in the large-angle plume of the thruster than the values presently predicted by Hall2De, as suggested by the comparisons between theory and experiment in Section III-A, and the discussions of Section III-B. As also alluded to however by the discussion of Section III-B, the uncertainty of Hall2De's plasma predictions is highest at the downstream point of the diverging walls and decreases as the upstream point is approached. A comparison of the erosion rates at location "D" (see Tables 2 and 3 and Figure 18 ) suggests a difference that exceeds 5 orders of magnitude. Thus, even if the true plasma density was higher by two orders of magnitude in the steadystate geometry than the value predicted by Hall2De, and if the density in the 1200-h geometry was not different, there would still be at least a three-order-of-magnitude reduction in the erosion rates at these locations of the walls. Tables 2 and 3 for the outer and inner walls, respectively.
V. Conclusion
This paper provided possible explanations of the physics that led to the significantly-reduced erosion of the acceleration channel in Aerojet's BPT-4000, a 4.5-kW Hall thruster that completed recently a >10,000-h QLT. The explanations have been based on 2-D axisymmetric simulations that were performed using the MFAM plasma solver Hall2De. Hall2De has been under development at JPL since 2009. The code's main goal is to provide assessments of the life capability of existing Hall thruster systems and to guide the design of new long-life thrusters for NASA missions. Several plasma and performance measurements were obtained in the BPT-4000 at JPL as part of a 2009 test campaign. The measurements have been used in this investigation to assess the fidelity of Hall2De. It is found that the agreement between simulation results and plasma measurements is within the experimental uncertainty for the majority of the comparisons we performed. In cases where the simulation results lie outside the experimental uncertainty we have identified the likely sources of discrepancy and assessed the impact of these discrepancies on our erosion predictions. We have found that the erosion rate reductions between the two simulated channel configurations -the 1200-h and the steady-state geometries -were different by many orders of magnitude at certain locations along the walls. Based on the wide range of comparisons performed with the plasma measurements, any improvements to our plasma model are not expected to yield differences between the two channel geometries that will exceed one order of magnitude. Thus, we conclude that the shielding of the channel surfaces was enabled by the specific topology of the magnetic field as illustrated by our plasma models.
The implications of magnetic shielding physics identified by Hall2De to exist in Aerojet's BPT-4000 Hall thruster design are potentially breakthrough. As our numerical simulations suggest, by properly shaping the magnetic field near the acceleration channel walls their erosion can be eliminated, thereby retiring the major perceived risk associated with the use of this electric propulsion technology onboard NASA science missions.
